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T H E  E F F E C T  O F  A H ' I G H - F R E Q U E N C Y  

T H E  I N S T A B I L I T Y  O F  A P L A S M A  

A .  A .  I v a n o v  a n d  V .  F .  M u r a v T e v  

M A G N E T I C  F I E L D  

The act ion of a h igh-f requency magnet ic  field on low-frequency instabil i t ies of a p l a s m a  is  
considered.  The ha rmonics  of the h igh-f requency field that appea r  under these  conditions 
a r e  taken into account.  It is shown that  the ir ef fect  on the reduct ion of the growth ra t e  of the 
instabi l i ty is weak.  However ,  in analyzing the osci l la t ion spec t rum considera t ion of these  
ha rmonics  is n e c e s s a r y ,  s ince they have the s ame  growth ra t e  as does the suppres sed  ins ta-  
bili ty.  It is well known that  in a p l a s m a  si tuated in a s t rong magnetic  field H0z unstable o sc i l -  
lations develop, the mos t  dangerous being e lec t ros ta t i c  osci l la t ions that  p ropaga te  a lmos t  
pe rpend icu la r  to the magnet ic  field (k~ >> kll ). These  osci l la t ions have the fo rm of t roughs 
extended a lmos t  along H0z. If it were  poss ib le  by some method to c rea te  conditions under  
which pa r t i c l e s  of one spec ies  (ei ther e lec t rons  or  ions) would have t ime  to t r a v e r s e  the 
dis tance between the humps of the t roughs in a t ime  cons iderably  sho r t e r  than the per iod  
2~/~  of the unstable osci l la t ions,  then the potent ial  of the instabil i ty would be smoothed out 
(i.e., the instabil i ty would be suppressed) .  This may be achieved by excit ing a h igh-f requency 
magnetic  field Hi(t) = H 1 cos ~-~t (-q >> c~) in the p l a s m a ,  which is or iented perpendicu la r  to the 
constant  field H0z. Then the c ross ing  of the humps by the pa r t i c l e s  is achieved as  a r e su l t  
of motion with t h e r m a l  veloci t ies  along the r e su l t an t  curved magnetic field. 

In o rder  to der ive  the d i spers ion  equation for  quasineutra l  e l ec t ros ta t i c  osci l la t ions  of a p l a s m a  that  
is inhomogeneous along the x coordinate and si tuated in a magnetic  field 

H{0, Hi cos Ot, H0}, H i . g o ,  ~ ~ o~H~ ~- e:Ho/m~c 

le t  us make use of the dr i f t  kinetic equation for  the c o r r e c t i o n f ~  to the s ta t ionary  dis t r ibut ion function 
f ~  (vii). (Here vii is the veloci ty  along the di rect ion of the resu l t an t  magnet ic  field.) [1] 

a l ,  ~ (hV)/l~+ e ( [ E h l V ) f 0 ~ + _ _ ( E h )  = 0  at ~- Vii ~oo m~ II 

HI E = -- Vr h = e~ + % ~ cos ~2t , 

Using a Four i e r  t r a n s f o r m  in the coordinates ,  we obtain 

(1) 

O--T- Jr- [vii (kh)f~ ~--  ~o%kv --g~--- m= %(kh) ~ = 0 (2) 

Let  us integrate  (2) with r e s p e c t  to t by the method of var ia t ion  of an a r b i t r a r y  constant 

t 

/~(v,i ,  t) = "~% .i,r a. al~ % m s% ,Ill 0" ~176 I a%(t')0t, 
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t" t l" 

• exp i ! v II (kh (t")) dt" dt' + i go :~x r (t') e.<p i v II (kh (t")) dt" dt'  
t --x, r 

(3) 

We subs t i tu te  ~k ( t ) , f ~  (vii, t) into this  r e l a t i o n s h i p  in the f o r m  ( c o m p a r e  with [1]) 

co 

c~ 

/~(~'ll, t ) =  Y, 

q~ exp i (--  co ~- n~) t, 

L~ (vii) exp i ( - -  co + s ~ ) t  (4) 

Then ,mu l t i p ly ing  both s ides  of the equa t ion  by exp i(~o-sK2)t and in teg ra t ing  o v e r  the p e r i o d  2 g / ~ , w e  
obta in  the F o u r i e r  c o m p o n e n t f ~  c o r r e s p o n d i n g  to the s - t h  h a r m o n i c  of  the h i g h - f r e q u e n c y  f ie ld  

% [- t 0/o ~ 
L (vii) m~, vii Ovl~--T % m-~- ~p[-~[ ~-~-[~ - - p a )  

-~- k(; 0/o a ] J l  (~tv [i ) Ji+p-s ([tv it ) kyH1 
O~H~ c)x ' ~ ( l + p ) + k z v l l - - o )  ' P - -  ~Ho 

(5) 

Afte r  in t eg ra t ing  (5) wi th  r e s p e c t  to vii we obta in  the p e r t u r b a t i o n  of the p a r t i c l e  c o n c e n t r a t i o n  ~,  
which  is a s s o c i a t e d  with uns t ab le  o sc i l l a t i ons :  

n ~ e~tq)s 
no Ta  

e:,. l co --. p~  @ r 
T~ ~ ~P a ( p + l ) + k z v l [ - - o  Jt(P'v[t)J~+P-s(~tVll))C~ 

ck~lTa. OlIIn0 ( j . _ _ _ ~  z~[12 ~ 

0 In T~ ( rn~v It 2 -~ 
Vl~= 01nn0 ' ~o~= n~(x) exp 

(6) 

The t h e o r e t i c a l  a s p e c t  of the p r o b l e m  of tak ing  accoun t  of  the h a r m o n i c s  of the h i g h - f r e q u e n c y  m a g -  
ne t ic  f ie ld  is c l a r i f i e d  us ing  the e x a m p l e  of d r i f t - t e m p e r a t u r e  ins tab i l i ty  (co << WHi, W/kz)VTi ) .  In th is  low-  

. e _ f r e q u e n c y  ins tab i l i ty  the  e l e c t r o n s  m a y  be cons  idered  to be B o l t z m a n n - d i s t r  ibuted, i .e. ,  n s / n  0 - e~os/Te,  
whi le  the ions m a y  be c o n s i d e r e d  d i s t r i b u t e d  in a c c o r d a n c e  with  Eq.  (6). F r o m  the condi t ion of q u a s i n e u t r a l -  
ity of the o sc i l l a t i ons  (n e = nis ) we d e r i v e  an infinite (due to cons idera t ion  of the h a r m o n i c s  of the  h i g h - f r e -  
quency  field) s y s t e m  of equat ions  in ~s :  

i J~ (~v t!) J~+.-~ (~v it)/o ~ (v ,I ) dv ,1 = 0 
pf~ O3 + 

*~ p, I=--cQ 
(T e ~ T 0 

(7) 

The van i sh ing  of the infinite d e t e r m i n a n t  of this  s y s t e m  is wha t  y ie lds  the d i s p e r s i o n  equat ion.  

Le t  us p r o v e  c o n v e r g e n c e  of the infinite d e t e r m i n a n t  of  the s y s t e m  (7). F i r s t  it is conven ien t  in (7) 
to ca lcu la te  the s u m  with r e s p e c t  to h 

z = - ~  ~ (l + p) + o)' ~ ~=-~ lP. -t- oJ" - -  z = - ~  o e azoz+k ~ 
oo 

= --  i ( --  t) w~ I ~{(."-~a/2)~ or (2~v II sin f~v/2) dT 
0 

P a r t i t i o n i n g  the infinite in tegra t ion  in te rva l  into p i e c e s  (0, ~), (Tr, 2~), . . .  and us ing  the equa t ion  [2] 
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I e ~ 2 ~ * Z ~ ( 2 ~ s i n x ) d x = n e  ~_~ ([3) J~+~ (~), 
0 

i 
R e , : >  2 

and the approximation w ' / P  << 1, we obtain 

I (-- i)PJv+~"laJ . . . .  "la ( p ~ s )  o~ ,]_lJ l+p_ s = 

~' ~ ( l +  p) + o)' [ (--l)SG+o,,/~J_p_o,,/. (p<~:s) 

As is well known i3], a determinant  converges if: a) the product  of its diagonal elements converges 
absolutely; b) the sum of its nondiagonal elements converges absolutely. 

We shall p resen t  only the proof of item (a) [item (b) is proved analogously]. For  absolute convergence 
of the product  of diagonal elements the absolute convergence of the ser ies  

-~lCr oo 

$ = - - c ~  s ~ - - o o  

is sufficient. 

Let us make use of the equation 

J-,-,~'/a (z) = (-- i) ' [Js+~,'/a (z) - -  ~o~ ~ Ns+,o,/n (z)l (~>> 1) 
\ 

and likewise the asymptot ic  representa t ion [4] of Bessel  functions for  s > z, which is valid uniformly over 
all z, 0< z<  ~o: 

J~(z )~ .* / ,~n l / - '~Kv , ( sw~ ), ~ ,=l /21u[( i  + w ) / ( l - - w ) ]  

N , ( z ) ~ ' - -  ]/-~[2L/,(sw~) + */4~K,:,(swM], w =  )/ t - -  z2 / s ~ 

where K1/3 I1/3 are  modified Bessel  functions. Then we obtain 

lira I us+l  [ = 1 - -  2 :  l + 0 ( s  -S)  

which does denote [3] absolute convergence of the ser ies  u s . The ser ies  obtained f rom the one considered 
by integration with exponential weight will be all the more convergent.  

Thus, "cutting up" Bessel  functions having the arguments  gVTi by means of an exponential during in- 
tegrat ion with respec t  to vii can easi ly be seen to ensure rapid convergence of the determinant.  

This convergence may be improved if the sys tem ~a s is replaced by another so that the large  t e rms  
~ ~/co vanish f rom the nondiagonal elements of the determinant of the sys tem (7). 

Let us introduce the functions 

% + = * / ~ [ % + ( - - i ) S % G  % - = [ % - - ( - - l ) ' % , ] Q / 2 e  
(s = 0 i ,  2 . . . .  ) (8) 

that have the proper t ies  

$_: = ( - t : %  +, % ; =  - ( - t ) ' % -  

Then instead of (7) we have 

+ 

- a - k  7 i 
p ~ 0  - - ~  

]_j_do i dv i co + oi* - -  " - Y '  * :  ; ' - - - C q  
p>O --~o 

i - -  J - j - d o  dv ii 
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i o ~ j j _ j o i  
11 p > 0  - - ~  p > 0  

p§ 

p ~ p +  + ~  
p+Z J Jz[JI+~+'-]-(--i) * • J~+p -~l/o~dvll = 0  

--cr 
(9) 

P*,- " (10) 2~,--- E ,7-+-Y+/ i Yl [Yl+p-~--(--l)~Y,~z+~l/o'dvll = 0  
p > 0  --c~ p-}-l~o 

Here  we have taken into account  t e r m s  of o rde r  ~2/oJ, 1. T e r m s  of o rder  r however ,  a r e  d iscarded .  

The sy s t em  for  ~s is spl i t  off. However ,  if we consider  the fact  that it does not contain the f requency 
co, then ~s should be a s s um ed  equal to ze ro .  The de te rminan t  of the remain ing  s y s t e m  in ~+, unlike (7), 
a l ready  does not contain l a rge r  t e r m s  of o rde r  ~ / w  and f u r t h e r m o r e  is semtinf in i te .  

The convergence  of the de te rminan t  of the s y s t e m  (9) al lows us to l imi t  cons idera t ion  to a finite num-  
ber  of columns and rows in the de te rminan t  in o rde r  to obtain the approx imate  d i spe r s ion  equation. Let  us 
se t  the s e c o n d - o r d e r  de te rminan t  equal to zero:  

det ti O~l II = 0 (k, t = 0 t) 

i 000=2--  i ~ + % *  Yo~loidvli, 01o ~+r176 YoYxloidvll 
r - -  kz  v I1 = r - -  k z v  It 

i 0+0){* ~ - ( ~  j.l[j| - 1+2] )f 0 dv[1  0u=2--2 ~o--~-k-fii Jill~ + ~ l + l  J ] i 

i r176176 * 2 i 0ol  = 2 d = ~ l~176 dv 11 q- ~ ~ JJ~+tfo i dv ~l 

(ii) 

It is evident that  the ze ro  approx imat ion  used [n [1] 

0oo ~ 2 - -  _ ;fi-_= ~ Jo 2 (~v lJ )/o i (v II ) dv 11 = 0 (12) 

is valid with an accu racy  of up to the smal l  t e r m  @01r 

This sma l lnes s  de r ives  f r o m  the p r o p e r t i e s  of Besse l  functions and the fact  that  they a r e  cut up into 
a rguments  ~VTi by the exponential .  

Thus,  cons iderat ion of the ha rmonics  of the h igh-f requency field does not lead to qual i ta t ively  d i f fe r -  
ent r e su l t s  in the sence  of influence on the instabil i ty growth r a t e .  As was demons t r a t ed  in [1], for  an a m -  
plitude of the h igh-f requency magnet ic  field that  is not too smal l  (at l eas t  for  t~VTi = kyHlVTi/( f i l l  0 = 2-3)] 
the effect  of reduct ion of the instabil i ty growth ra t e  occurs .  However ,  if we speak  of the s p e c t r u m  of the 
osc i l la t ions ,  then the ha rmonics  of the h igh-f requency field a r e  substant ia l .  Actually,  f r o m  the expans ion 
(4) and the vanishing of the de te rminan t  of the s y s t e m  (7) it follows that  the components  ~0 n cor responding  
to the ha rmonics  of the h igh-f requency field a re  l inea r ly  coupled and build up with the s a m e  growth r a t e .  
Thus,  in the s p e c t r u m  high-f requencies  r + nfl must  be r e p r e s e n t e d  besides  the low f requency  r and under  
these  conditions the ampli tudes  of the spec t r a l  l ines must  fal l  off with increas ing number  n. F r o m  the point 
of view of turbulent  diffusion the appearance  of high f requencies  in the spec t rum is not dangerous ,  s ince 
diffusion for  equali ty of the growth r a t e s  and wave numbers  is de te rmined  by the low-f requency  component  
of the osci l la t ions  [5]. 

The authors  thank A. V. Gordeev for  his frui tful  d i scuss ions .  
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